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Abstract

Environmental noise is known to sustain cycles by perturbing a deterministic approach to equilibrium that is itself oscillatory.

Quasicycles produced in this way display a regular period but varied amplitude. They were proposed by Nisbet and Gurney (Nature

263 (1976) 319) as one possible explanation for population fluctuations in nature. Here, we revisit quasicyclic dynamics from the

perspective of nonlinear time series analysis. Time series are generated with a predator–prey model whose prey’s growth rate is

driven by environmental noise. A method for the analysis of short and noisy data provides evidence for sensitivity to initial

conditions, with a global Lyapunov exponent often close to zero characteristic of populations ‘at the edge of chaos’. Results with

methods restricted to long time series are consistent with a finite-dimensional attractor on which dynamics are sensitive to initial

conditions. These results are compared with those previously obtained for quasicycles in an individual-based model with

heterogeneous spatial distributions. Patterns of sensitivity to initial conditions are shown to differentiate phase-forgetting from

phase-remembering quasicycles involving a periodic driver. The previously reported mode at zero of Lyapunov exponents in field

and laboratory populations may reflect, in part, quasicyclic dynamics.

r 2003 Elsevier Inc. All rights reserved.
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1. Introduction

It is becoming increasingly clear that the under-
standing of population fluctuations requires considera-
tion of both nonlinearity and noise (Higgins et al., 1997;
Stenseth et al., 1998; Björnstad and Grenfell, 2001).
Interest in the interplay of intrinsic dynamics, resulting
from density- or frequency-dependent feedbacks, and
extrinsic drivers, mainly environmental variability, has
displaced earlier debates on explanations based solely on
either one of these components (Zimmer, 1999; Pascual,
2000). The importance of this interplay has been
recognized in explanations for the coexistence of species,
such as the lottery model (Chesson and Warner, 1981),
and in methodological challenges to detect density-
dependent regulatory processes in nature (Hassell,
1987). More recently, theoretical studies have shown
striking examples of the possible dynamics arising from
the interplay of nonlinearity and noise. These examples
onding author. Fax: +1-734-763-0544.

ddress: pascual@umich.edu (M. Pascual).

3/$ - see front matter r 2003 Elsevier Inc. All rights reserved.

/S0040-5809(03)00086-8
include chaos generated by repellors, transient shifts
between coexisting attractors with densely intertwined
basins of attraction, and transient excursions towards
unstable equilibria as the result of saddle nodes (Rand
and Wilson, 1991; Engbert and Drepper, 1994; Sidor-
owich, 1992; Cushing et al., 1998; Earn et al., 2000). In
all these examples, the interplay of noise and non-
linearity does not merely blur the trajectories generated
by the deterministic feedbacks, but gives rise to new
qualitative dynamics. Time series approaches are also
increasingly considering both extrinsic and intrinsic
factors in a nonlinear context (Ellner and Turchin,
1995; Dixon et al., 1999; Pascual and Ellner, 2000;
Pascual et al., 2000).
The transient dynamics of a deterministic system play

a critical role in its response to environmental noise.
Quasicycles provide one of the simplest examples
(Nisbet and Gurney, 1976, 1982; Bulmer, 1976; Aparicio
and Solari, 2001). The term was introduced by Nisbet
and Gurney (1976, 1982) to describe fluctuations in real
populations that are oscillatory but never perfectly
periodic as the result of noise. A distinction was drawn
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between two types of quasicycles based on the short-
term population ‘memory’ of its recent history. Phase-
remembering quasicycles exhibit long-term memory in
the sense that population fluctuations widely separated
in time remain significantly correlated. This type of
quasicycle is driven by an extrinsic factor that is itself
periodic and noisy, for example in a seasonally varying
environment. By contrast, phase-forgetting quasicycles
do not exhibit long-term memory and population values
at instants sufficiently separated in time become
uncorrelated. The origin of these cycles involves both
nonlinearity and noise: small levels of noise continu-
ously perturb an approach to equilibrium that is
oscillatory. The system is prevented from settling at
steady state and oscillations of varying amplitude are
sustained in this way.
Although cycles sustained by noise were once

introduced as a likely explanation for population
patterns in nature (Nisbet and Gurney, 1976), they have
seldom been considered in specific population studies
(but see Kaitala et al., 1996). By contrast, decaying
cycles, one of the necessary ingredients of quasicycles,
are frequent in deterministic ecological models for
predator–prey or host–parasite interactions. One possi-
ble explanation for this discrepancy is that phase-
forgetting quasicycles (hereafter QCs) are difficult to
identify in short data sets based solely on patterns of
autocorrelation (Nisbet and Gurney, 1982).
We revisit here this type of dynamics from the

perspective of nonlinear time series analysis and ask
what properties would we infer from data on QCs. In
particular, we focus on sensitivity to initial conditions,
the defining property of chaos. Because dynamics in the
real world always involve noise, relevant definitions of
chaos must include noise in a meaningful way. Thus,
chaotic systems are defined as those whose nonlinear
intrinsic feedbacks tend to amplify noise as measured by
a positive global Lyapunov exponent (Ellner and
Turchin, 1995). The systematic analysis of a large
number of population time series has identified chaos
unequivocally in a small number of cases, but has found
that many populations lie at the boundary between
chaos and stability (Ellner and Turchin, 1995). This
boundary, also known as ‘the edge of chaos’, is
characterized by global Lyapunov exponents close to
zero. Global exponents close to zero can arise from
dynamics that transition in an out of chaos locally in
time. These transitions result in local Lyapunov
exponents that change from positive to negative, as the
system switches from amplifying to buffering the noise.
We demonstrate that simulated QCs can exhibit

properties of chaos. The data are simulated with a
simple predator–prey model in which the prey’s growth
rate incorporates low levels of environmental noise. The
resulting QCs, when analyzed with two different
methods, appear sensitive to initial conditions. In
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particular, a method specifically developed for short
and noisy time series (Ellner and Turchin, 1995),
produces global Lyapunov exponents that are often
close to zero. Another method restricted to long time
series, confirms the sensitivity to initial conditions, with
global exponents that are now positive. Both methods
rely on initially reconstructing the dynamics of the
system from a single population time series by using a
finite number of lags. The long time series allow us to
address whether it is reasonable to analyze the
trajectories of this high-dimensional (noisy) system
using such a finite-dimensional space. We then consider
the problem of distinguishing phase-forgetting quasi-
cycles from phase-remembering ones which involve a
periodic driver. This distinction has been problematic if
not impossible from short data sets in the absence of a
mechanistic model (Bulmer, 1974; Nisbet and Gurney,
1982). We propose that it should now be possible by
relying on patterns of apparent sensitivity to initial
conditions.
Our results raise the possibility that the observation of

global Lyapunov exponents close to zero for real
populations reflects quasicyclic dynamics. We propose
that this evidence for sensitivity to initial conditions
reflects the amplification of noise by the system, and that
this amplification occurs when the decay of the
deterministic cycles is slow. We discuss the differences
in the results with the two methods and related
directions for future work. We also compare our
results with those previously obtained for spatial and
stochastic predator–prey systems (Rand and Wilson,
1995; Pascual et al., 2001). In these lattice models, local
interactions between individuals generate heterogeneous
spatial distributions. Population fluctuations, when
sampled at sufficiently large spatial scales for demo-
graphic noise to appear negligible, exhibit cycles of
irregular amplitude. Thus, QCs generated by both
spatial and temporal systems, with noise that is either
demographic or environmental, exhibit properties of
(stochastic) chaos.

FT

2. The model

To examine the interplay of decaying cycles and
environmental noise, we choose one of the simplest
predator–prey models and the one used by Nisbet and
Gurney (1982; hereafter N&G) to illustrate quasicycles.
The model is given by the Lotka–Volterra equations
with logistic growth of the prey. Thus the prey and
predator numbers are as follows:

dP

dT
¼ rPð1� P=KÞ � yPH ð1Þ

dH

dT
¼ gCH � eH; ð2Þ
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where r and K are the maximum growth rate and
carrying capacity of the prey, y is the per-capita
predation rate, and g and e are the growth rate and
mortality rate of the predator. To incorporate environ-
mental noise, we let the growth rate r fluctuate in time
around a mean value r0 and write rðtÞ ¼ r0ð1þ fðtÞÞ;
where fðtÞ is a realization of a white-noise process with
zero mean and standard deviation sf51:
The number of parameters can be reduced from five

to two by rewriting the system in the nondimensional
form:

dF

dt
¼ ð1þ fðtÞÞFð1� FÞ � aFC; ð3Þ
dC

dt
¼ aFC � bC; ð4Þ

with new parameters a ¼ gK=r0 and b ¼ e=r0: The new
nondimensional variables are the prey numbers F ¼
P=K ; the predator numbers C ¼ Hy=ðgKÞ; and time
T ¼ tr0:
With no environmental noise ðfðtÞ ¼ 0Þ; it is well

known that the model has a fixed point and that
this equilibrium, when positive, is both locally and
globally stable (N&G). Furthermore, the approach to
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Fig. 1. Phase-forgetting quasicycles for the underdamped Lotka–Volterra sy

shown from top to bottom for increasing values of population memory (incr

white noise process with mean zero and standard deviation sf ¼ 0:2: (To

Mc ¼ 495; bottom panels: a ¼ 20; b ¼ 0:05; Mc ¼ 7980; the time interval in
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equilibrium is oscillatory (underdamped) when

bo
4a2

ð1þ 4aÞ ð5Þ

(see N&G, 1982, p. 106). This condition is the first
requirement for the quasicycles we wish to examine,
phase-forgetting quasicycles whose autocorrelation
function (ACF) exhibits damped oscillations decaying
in amplitude to zero at long lags (see N&G, Fig. 7.12).
The second condition relates to a quantity known as the
coherence number nc which measures how fast the ACF
decays. It is given by the number of cycles over which
the amplitude of the ACF decays by a predetermined
factor ðe�1Þ: If nc is small ðnc51Þ; the cyclic nature of
the dynamics is not apparent, as the population
‘memory’ is short compared with the cycle period. Thus
nc41 provides a condition for observable quasicycles.
This condition is satisfied when

Mc ¼ að�1þ a=bÞ410 ð6Þ

(N&G, eqt. 7.4.40 rewritten here for parameters of the
nondimensional system). Comparison of nc to one (or
equivalently Mc to 10 in Eq. (6)) is somewhat arbitrary
but gives an effective condition to choose parameters
with increasing population ‘memory’. Fig. 1 gives the
population time series obtained by simulation of the
model with white noise fðtÞ for three different sets of
00 4200 4400 4600 4800 5000

00 4200 4400 4600 4800 5000

00 4200 4400 4600 4800 5000
E

stem with noisy forcing of the prey’s growth rate. Prey time series are

easing Mc; Eq. (6)). In all simulations, fðtÞ is the same realization of a

p panels: a ¼ 1; b ¼ 0:05; Mc ¼ 19; middle panels: a ¼ 5; b ¼ 0:05;

the simulations is Dt ¼ 0:2; see Appendix.)
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parameters (a and b) satisfying Eqs. (5) and (6). (Details
on the simulations are given in the Appendix.) These
three time series are analyzed below after the description
of the methods.
3. Time series methods

Our analyses fall into two categories, those applicable
to short and long time series, respectively. We consider
first short data sets typical of ecological systems and
focus on sensitivity to initial conditions, the hallmark of
chaos. Because the system underlying the dynamics
includes dynamical (process) noise, it is important to
recall here the definition of chaotic dynamics for such
noisy systems. This definition differs from earlier views
of chaos restricted to fully deterministic systems. In fact,
in a noisy system the divergence of trajectories with
arbitrarily close initial conditions might result simply
from a different sequence of random perturbations (see
Ellner and Turchin, 1995, for an example). Thus, this
divergence is not a sufficient indicator of sensitivity to
initial conditions. Instead one is interested in whether
the dynamics tend to amplify or buffer the noise, that is,
in the divergence of trajectories with nearby initial
conditions but subjected to the same sequence of
random perturbations. Chaotic systems are those that
behave as noise amplifiers (Eckmann and Ruelle, 1985;
Ellner and Turchin, 1995). This definition is critical to
the choice of methods applied to examine sensitivity to
initial conditions. Methods that rely on estimating a
map for the endogenous dynamics of the system are
preferred to those that follow the divergence of nearby
points in phase space (see Ellner and Turchin, 1995, for
a detailed discussion). The linearization of this map
along the trajectory of the system tells us whether the
endogenous dynamics amplify or contract exogenous
perturbations. Regardless of data set length, the
methods we apply here rely on estimating such as
map, either locally or globally in phase space.
We consider that a single variable has been measured

(prey or predator) and that we do not know the
dimensionality of the system underlying the dynamics.
Thus, we begin with the reconstruction of phase-space
trajectories from data on a single variable (Packard
et al., 1980; Takens, 1981). The idea is by now familiar
to ecologists and essentially consists of using time-delay
variables as surrogates for the unobserved variables of a
dynamical system (see Kot et al. (1988), for ecological
discussion). Thus, if NðtÞ denotes the time series of prey
density, we construct the dE-dimensional time series

nt ¼ ½Nt;Nt�t;Nt�2t;y;Nt�ðdE�1Þt�; ð7Þ

where t is a selected lag and dE is known as the
embedding dimension. Such an embedding of a scalar
time series in a higher dimensional space has also been
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shown to be valid for stochastic systems (Casdagli
(1992), Stark (2001), see also Stark (1999) for dynamical
systems with deterministic forcings).
For short time series, we estimate the dominant

Lyapunov exponent l1 and do so with one of the
methods described in Ellner and Turchin (1995). This
method estimates a global nonlinear map, f ; relating the
present and future state of the system,

Nðt þ TpÞ ¼ f ðNðtÞ;Nðt � tÞ;Nðt � 2tÞ;y;

Nðt � ðdE � 1ÞtÞ; etÞ; ð8Þ

where Tp is a prediction time and et a vector of
exogenous perturbations. The function f is estimated
using feedforward neural networks (FNN) and the
global dominant Lyapunov exponent is computed from
the Jacobian of this map along the trajectory. Specifi-
cally, f is given by

f ðx1; x2;y; xmÞ ¼ b0 þ
Xk

i¼1
biG

Xm

j¼1
gijxj þ mi

 !
; ð9Þ

where G is a sigmoid function GðyÞ ¼ ey=ð1þ eyÞ; bi; gij ;
and mi are model parameters, m is the number of
independent variables, and k is known as the ‘number of
neurons’. The independent variables in model (8) are the
lagged values of Nt; but can also include a periodic clock
by incorporating a sine and a cosine of a given period.
The lag t is chosen as the value for which the
autocorrelation function decays to a prescribed value
(zero or 0.5). The prediction time Tp is set equal to t as
recommended in Ellner and Turchin (1995, Appendix
B). A more critical choice regards model complexity as
determined by the number of neurons k and especially
the embedding dimension dE : As in previous studies, the
value of k is limited a priori (here kp5) otherwise FNN
can approximate any smooth function on a bounded
region in m-dimensional space with arbitrary accuracy
(Barron, 1991). Comparison of models with different
values of dE and k is done using a generalized cross
validation (GCV) model-selection criterion given by

GVC2 ¼ RMS

1� p2=n

� �2

ð10Þ

(Nychka et al., 1992). For given k and dE ; the model
parameters ðbi; gij ; miÞ are estimated by ordinary least
squares. (The FNN models are fitted using FUNFITS,
a suite of S/Fortran functions that run in S-Plus
(Nychka et al., 1998). A Unix version of FUNFITS,
as well as a user manual, can be found at http://
goldhill.cgd.ucar.edu/stats/Funfits).
A critical step in our analysis is the reconstruction of

trajectories in a finite dimensional space (Eq. (7)). Is this
step justified given the infinite-dimensional nature of the
underlying noisy predator-prey system? The choice
of dE is critical and addresses directly whether we
can use a finite number of dimensions to reconstruct
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able 1

hort time series analysis for data set A. Estimated l1 for increasing
mbedding dimension dE and corresponding GVC2 criterion for the

lected model

E L ¼ 1000 L ¼ 200

l1 GVC2 l1 GVC2

�0:23 8:31
 10�5 0.147 1
 10�4

�0:119 7:25
 10�5 �0:00188 5:78
 10�5

�0:093 6:95
 10�5 �0:00752 5:89
 10�5

�0:085 6:56
 10�5 �0:012 5:90
 10�5

�0:039 6:34
 10�5 0.032 6:2
 10�5

xponents for the model with the first lowest GVC2 as dE increases are

mphasized. Columns 1 and 2: 1000 data points; columns 3 and 4: 200

ata points (representative results).
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phase-space trajectories. To address this question, we
consider long data sets and select dE with an approach
that relies on the concept of false neighbors. For too
small a dE ; points that are far apart in phase space can
appear close because of a projection effect. This
percentage of false neighbors should therefore decrease
with dE ; until this dimension is sufficiently large to
unfold trajectories in phase space. The estimation of the
percentage of false neighbors (%FGN) for increasing
values of dE provides an algorithm to select dE (Kennel
et al., 1992). In particular, a value of dE is chosen such
that %FGN converges to a low value (close to zero) for
dXdE : For random dynamical systems, the selected
value of dE should be considered as a working
dimension providing a good compromise between the
dimensionality of phase space and the noise level of the
reconstructed dynamics (Judd et al., 2001; Judd and
Mees, 1998). For long time series, the value of t can also
be selected with an alternative approach based on the
average mutual-information function (Fraser and Swin-
ney, 1986).
With a reconstructed trajectory in phase space, we

proceed to compute the whole spectrum of global
Lyapunov exponents for the long time series. Each
global exponent measures the average rate of contrac-
tion or expansion of a perturbation in specific directions
along the orbit. Locally, the directions of expansion or
contraction along the orbit correspond to the eigenvec-
tors of the linearization of the flow (the Jacobian matrix
of the system), and the respective rates, to its eigenva-
lues. Thus, to estimate the Lyapunov exponents, we use
a parametric method that fits local (cubic) polynomial
maps along the orbit. From their parametric representa-
tion we obtain the partial derivatives in phase space that
provide the elements of the Jacobian matrices along the
orbit. These matrices are then composed along the orbit
to compute the average exponents as the eigenvalues of
the resulting matrix (Briggs, 1990; Brown et al., 1991).
The number of exponents is determined by the local
(integer) dimension of the attractor, dL; which must be
smaller than or equal to dE : Although we are mainly
interested in sensitivity to initial conditions and there-
fore in the largest exponent l1; we compute the whole
spectrum ðli; i ¼ 1;y; dLÞ for several reasons. First,
this spectrum allows us to estimate an upper bound for
the dimension of the attractor known as the Lyapunov
dimension (Kaplan and Yorke, 1979) and given by

DLyap ¼ K þ
PK

i¼1 li

jlKþ1j
; ð11Þ

where
PK

i¼1 li40 and
PKþ1

i¼1 lio0: Second, any local
direction that is expanding (resp. contracting) for
forward time, will become contracting (resp. expanding)
when time is reversed, with the corresponding change in
sign but not magnitude of its Lyapunov exponent. False
exponents resulting from too high a local dimension can

DRA
often be detected by their sign remaining unchanged
with a time reversal (Abarbanel, 1996). Third, we can
also verify that the sum of the exponents is negative, in
accordance with the dissipative nature of the dynamics.
Fourth, the same analysis was previously applied to the
population cycles of a spatial and individual-based
predator–prey model, which provides a basis for
comparison.
4. Short time series and the edge of chaos

We start by addressing what dynamical properties
would we infer from the model output for short time
series. This question is critical to quasicycles in nature.
For each of the simulations illustrated in Fig. 1, a prey
time series of 10,000 data points is first obtained by
subsampling the original simulations every fifth data
point. We refer to these three time series as A ða ¼ 1Þ; B
ða ¼ 5Þ; and C ða ¼ 20Þ: We then consider consecutive
sections 1000 and 200 long along these subsampled time
series.
Table 1 shows typical results for time series A with

1000 data points. All 10 consecutive sections give similar
results with negative l1 of value close to zero (column 1).
Notice, however, that the embedding dimension selected
by minimizing GVC2 (column 2) is always the largest
one considered in the analysis, dE ¼ 6: As for other
noisy data, a global value of l1 close to zero is
associated with local exponents (LLEs) that vary from
positive to negative values (Fig. 2a). For the second time
series B, the estimated l1 is also close to zero and for
most sections, positive. There is some variation from
section to section, as illustrated with representative
results in Table 2: in a few cases, l1 is close to zero but
negative (column 3) and rarely (1 section), positive but
away from zero (column 5). Finally, time series C
displays the most variation in the values of l1 among
sections (Table 3), with typically positive values of this
exponent (column 1) but also a few instances of values
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Fig. 2. Local dominant Lyapunov exponents (LLEs) for a section of time series A (top) and time series B (middle). For comparison, the

corresponding population cycles are also shown for time series C (bottom). LLEs are averaged over a local window of 10 time steps.

Table 2

Short time series analysis for data set B ðL ¼ 1000Þ: Estimated l1 for
increasing embedding dimension dE and corresponding GVC2

criterion for the selected model

dE 1 2 3

l1 GVC2 l1 GVC2 l1 GVC2

2 0.085 5:45
 10�6 �0:0038 5:5
 10�6 0.098 6:84
 10�6

3 0.047 4:50
 10�6 0.0175 4:52
 10�6 0.123 5:39
 10�6

4 0.058 4:09
 10�6 �0:0137 4:31
 10�6 0.137 4:77
 10�6

5 0.046 3:79
 10�6 �0:052 3:91
 10�6 0.102 4:55
 10�6

6 0:014 3:64
 10�6 �0:0276 3:67
 10�6 0:12 4:33
 10�6

Results for three different sections 1, 2, 3. Case 3 is rare (1/10): most

estimates of l1 are closer to zero.

Table 3

Short time series analysis for data set C ðL ¼ 1000Þ: Estimated l1 for
increasing embedding dimension dE and corresponding GVC2

criterion for the selected model

dE 1 2 3

l1 GVC2 l1 GVC2 l1 GVC2

2 0.39 6:38
 10�7 0.121 3:99
 10�7 �0:0819 3:87
 10�7

3 0.425 5:65
 10�7 0.0612 3:12
 10�7 �0:044 3:13
 10�7

4 0.2065 5:07
 10�7 0.039 3:05
 10�7 �0:026 2:96
 10�7

5 0.279 4:92
 10�7 0.027 2:78
 10�7 �0:037 2:85
 10�7

6 0:379 4:32
 10�7 0.0879 2:67
 10�7 �0:029 2:82
 10�7

Results for three different sections 1, 2, 3. Case 3 is rare (1/10): most

estimates of l1 are positive.
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close to zero (columns 3 and 5). For both B and C,
sections with the largest exponents are those with the
larger amplitude fluctuations in population numbers.
The regions with large fluctuations are also the ones
for which the LLEs exhibit the largest positive values
(Fig. 2b and c). As for A, the choice of embedding
dimension is always the largest dE in the analysis,
dE ¼ 6: Thus, shorter data sets for which the maps are
fitted with FNNs, exhibit global exponents often close
to zero. As population memory increases, the observa-
tion of positive global exponents becomes more likely.
Fig. 3 shows for the population with the longest

memory, two simulations starting with extremely close
initial conditions and subjected to the same sequence of
random perturbations. The two time series diverge,
which illustrates the amplification of noise.
Time series 1000 long are still long by ecological

standards. Shorter time series (200 long) give, as
expected, more variable results for l1 (Table 1, column
3; Table 4). For time series C, values close to zero
become more likely, as expected by the high variation in
the LLEs. For all three time series, however, we now
observe that often the first minimum of GVC2 is for
dEo6; which we would interpret as evidence for a low-
dimensional attractor. The value of l1 varies with
increasing dE ; indicating problems of convergence and
making it difficult to assess the choice of dE : We turn
next to this choice of embedding dimension with the
analysis of longer data sets.

FT
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Fig. 3. Divergence of prey trajectories for two nearby initial conditions. The two simulations use the same sequence of random perturbations. The

parameters are those of time series C ða ¼ 20; b ¼ 0:05Þ and initial conditions are ðF0 ¼ 0:018;C0 ¼ 0:039Þ and ðF0 ¼ 0:019;C0 ¼ 0:039Þ:

Table 4

Short time series analysis for data set C ðL ¼ 200Þ: Estimated l1 for increasing embedding dimension dE and corresponding GVC2 criterion for the

selected model

dE 1 2 3

l1 GVC2 l1 GVC2 dE l1 GVC2

2 0.7 7:98
 10�7 0.004 2:58
 10�7 4 0.096 2:42
 10�7

3 0:68 7:88
 10�7 �0:054 1:75
 10�7 5 �0:08 1:809
 10�7

4 0.34 8:08
 10�7 �0:0045 2:028
 10�7 6 �0:043 1:803
 10�7

5 0.197 6:87
 10�7 �0:0048 1:78
 10�7 7 0:018 1:49
 10�7

6 0.414 7:05
 10�7 0.089 1:65
 10�7 8 0.065 1:65
 10�7

Cases 1 and 2 show representative results for two different sections of the simulated time series, respectively. Case 3 corresponds to the same data

than in 2 but with a periodic clock added to the analysis (frequency of ¼ 0:03). The values of l1 remain similar to those obtained without the clock

(i.e. close to zero). The dimension dE given for the models with the periodic clock includes the sine and cosine in addition to the number of lagged

variables.

M. Pascual, P. Mazzega / Theoretical Population Biology 64 (2003) 385–395 391

DRAFT

5. Sensitivity to initial conditions in long time series

The above analyses rely on the existence of a finite
and relatively low-dimensional space in which trajec-
tories of the system can be reconstructed. To address the
assumption of an underlying attractor of finite dimen-
sionality, we place ourselves in the ideal scenario of
effectively unlimited data and consider the whole length
of 10,000 data points for each of the time series A, B,
and C. The longer data sets allow us to examine in detail
the structure of reconstructed trajectories in phase
space.
For all three simulations, the lag chosen by the

mutual information criterion is t ¼ 7: This value
corresponds also to the lag for which the autocorrela-
tion function first crosses zero. Fig. 4 shows the percent
of false neighbors as the trajectories are reconstructed
with this lag and unfolded in spaces of increasingly
higher dimensionality. For all three time series, the
percent of false near neighbors converges for an
embedding dimension dE larger or equal to 4–5.
Interestingly, for B and C, this convergence value is
extremely low (E2% and 4% respectively). For A, the
percent of false neighbors remains at a higher value of
approximately 14%. If the model underlying these time
series were not known, we would conclude from these
observations that it is justified to reconstruct the
attractors of time series B and C with dE ¼ 5; and to
treat the data as if generated by a system in which noise
is negligible. Time series A shows symptoms of a more
noisy system.
Table 5 shows the estimated Lyapunov spectrum

ðlþi ; i ¼ 1;y; 5Þ computed for time flowing forward, as
well as the spectrum ðl�i ; i ¼ 1;y; 5Þ obtained for time
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Table 5

Lyapunov exponents and Lyapunov dimension estimated from the

prey time series B, and C (10,000 data points) with dE ¼ dL ¼ 5

B C

+ � + �

l1 0.3248 0.3276 0.2661 0.2608

l2 0.1868 0.1695 0.1231 0.1335

l3 0.0246 0.0248 �0:0118 �0:0179
l4 �0:2318 �0:2250 �0:2241 �0:2043
l5 �0:8133 �0:8135 �0:7588 �0:7713
Dlyap 4.374 4.365 4.1955 4.2325
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flowing backwards (with a change of sign for compar-
ison), for time series B and C with dE ¼ 5 and dL ¼ de:
The dimension Dlyap obtained from these exponents is
also shown. For both time series, the dominant
Lyapunov exponent ðl1Þ is positive and the dimension
Dlyap falls between 4 and 5. The spectra obtained with
time flowing in opposite directions are consistent for
each of the two time series. The dominant exponent
decreases with the parameter a; as the memory of the
population cycles increases, but remains positive.
These results are consistent with the conclusion that

the dynamics of time series B and C are sensitive to
initial conditions, and for practical purposes, indis-
tinguishable from those generated by a chaotic system
with our methods. We would further conclude that a
finite attractor underlies these dynamics. Time series A
leads to a less compelling case for such a finite attractor,
with weaker results for the choice of an embedding
dimension. The values of l1 are typically higher than
those estimated with the much longer time series (an
observation we return to in the Discussion).
The interplay of environmental noise with decaying
cycles is only one possible way to generate cycles of
varying amplitude and regular period. Another possible
origin for such cycles in nature is the driving of a
deterministically stable system by an external factor with
a strong periodic component, for example in a seasonal
environment. The distinction between these two alter-
natives, phase-forgetting and phase-remembering cycles,
is often ambiguous for short time series (N&G). We ask
next whether the apparent sensitivity to initial condi-
tions described here for phase-forgetting quasicycles can
help us draw that distinction. We return for this
question to the short time series typical of ecological
data.
6. Periodically driven quasicycles

To generate phase-remembering QCs, we add to the
predator-prey model a periodic forcing of the prey’s
growth rate in the presence of noise. Thus, the prey
equation in (3) becomes

dF

dt
¼ ð1þ A sinðotÞÞ � ð1þ fðtÞÞFð1� FÞ � aFC; ð12Þ

where A and o denote, respectively, the amplitude and
frequency of the driver. For our choice of o the response
of the system in the absence of noise is periodic. Fig. 5
shows the corresponding dynamics of the prey in the
presence of noise. We subsampled the simulated time
series every other data point and analyze the resulting
time series of length 200. The dominant Lyapunov
exponent is estimated both in the presence and in the
absence of a periodic clock. The addition of a periodic
clock is implemented by adding to the independent
variables in the model (the lagged variables) a sine and
cosine of a given period (see Ellner and Turchin, 1995,
or Pascual and Ellner, 2000, for details and examples).
The period of this extrinsic driver or ‘clock’ is chosen
from the data by identifying the dominant period in the
dynamics. Table 6 shows the results of the analyses.
Without the clock, l1 is close to zero as for the phase-
forgetting quasicycles. However, the addition of the
clock reduces the value of l1 making it negative, as
expected for a system with a stable equilibrium driven
by a periodic driver. By contrast, adding the clock to our
previous analyses of the phase-forgetting quasicycles
does not change the qualitative conclusions. The value
of l1 remains similar (either positive or close to zero) to
that obtained without the clock. Table 4 (case 3)
illustrates this result (cf. case 2, without the clock).
Furthermore, for the periodically forced system, com-
parison of models with and without the clock with the
same number of independent variables, identifies the
correct model with a periodic driver (lower GVC2).
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Table 6

Short time series analysis for periodically driven simulations

ðL ¼ 200Þ: Estimated l1 for models with and without a periodic clock

dE Without clock With clock

l1 GVC2 dE l1 GVC2

2 �0:27 2:07
 10�4 4 �0:478 1:20
 10�4

3 �0:14 1:9
 10�4 5 �0:484 1:18
 10�4

4 �0:11 1:60
 10�4 6 �0:243 1:01
 10�4

5 �0:061 1:34
 10�4 7 �0:22 1:05
 10�4

6 �0:013 1:34
 10�4 8 �0:297 1:04
 10�4

The frequency of the clock is of ¼ 0:2: Addition of the clock modifies

the estimate of l1 from values close to zero to the negative values

expected for a system with a stable equilibrium that is periodically

driven. The dimension dE given for the models with the periodic clock

includes both the number of lagged variables and the sine and cosine.
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7. Discussion

We have shown that time series for phase-forgetting
quasicycles, generated by the interplay of environmental
noise and decaying oscillations, can exhibit properties of
chaos as defined for noisy systems. In particular, the
dynamics appear sensitive to initial conditions, with
positive global or local Lyapunov exponents. A method
developed for the analysis of short and noisy time series,
produces values of the global Lyapunov exponents that
are often close to zero. The system appears to amplify
the noise in parts of the dynamics and to buffer it in
others. This observation has implications for the
interpretation of the mode at zero reported from the
analyses of field and laboratory populations (Ellner and
Turchin, 1995). It opens the possibility that these
dynamics at the ‘edge of chaos’ in nature reflect
quasicyclic behavior.
The analysis of long time series confirms that a finite

and relatively low number of dimensions are sufficient to
reconstruct the trajectories of the system. The dynamics
appear practically indistinguishable from chaos on a
finite-dimensional attractor, especially when the deter-
ministic cycles perturbed by noise exhibit a slow decay.
These results are similar to those previously obtained for
a spatial and stochastic predator–prey system. In these
lattice-based models, the dynamics at the individual
level incorporate demographic noise. Above intermedi-
ate scales, population densities exhibit cycles of irregular
amplitude and demographic noise appears negligible
(Rand and Wilson, 1995; Pascual et al., 2001). These
cycles have been interpreted as quasicycles in which both
the noise and the heterogeneity of individuals in space
play an important role (Pascual et al., 2001). The cycles
exhibit the same time series properties than those
reported here. Thus, the details of the underlying
models do not appear to matter.
One question that follows is whether the sensitivity to

initial conditions is simply an artifact of the time series
methods. We propose instead that the results reflect the
amplification of noise when the decay of the determi-
nistic cycles is slow. A slow decay occurs here when
population memory is large, but also in other systems,
close to a bifurcation point from an equilibrium to a
limit cycle. This interpretation of our results remains to
be examined with analytical approaches and with
systematic simulations of the kind shown in Fig. 3.
Another question is empirical and addresses whether

it is possible to distinguish, from time series data, the
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mechanisms underlying sensitivity to initial conditions.
This question should not be confused with the earlier
(and ill-posed) problem of distinguishing purely deter-
ministic chaos from noise. Different underlying models
are consistent with stochastic chaos. There are also
other examples of stochastic nonlinear models whose
dynamics appear indistinguishable at the time series
level (e.g. the lottery model and the Lotka–Volterra
model with noise added, Chesson, 2000, Fig. 2).
However, evidence for sensitivity to initial conditions
in populations with cycles of regular period but varied
amplitude can help us narrow the number of possible
candidate mechanisms. We have shown that these
patterns are consistent with a model for phase-forgetting
quasicycles. An alternative candidate model would
involve the so-called UPCA dynamics (for uniform
phase chaotic amplitude) (Blasius et al., 1999; Van-
dermeer et al., 2001). Recently described by Blasius et al.
(1999) for a food web model, UPCA dynamics have a
strong regularity in the timing of the peaks but display
highly irregular amplitudes. They are produced by fully
deterministic models and have been proposed as a
possible explanation for the Canadian Lynx cycles.
Future work will examine how to distinguish this type of
temporal dynamics from quasicycles that appear sensi-
tive to initial conditions, other than by building a
mechanistic model.
Our results suggest that another distinction is never-

theless possible: that between phase-forgetting and
phase-remembering quasicycles that are periodically
driven. Nisbet and Gurney (1982, p. 255) after their
classification of different types of quasicycles, concluded
that ‘in the majority of situations, the mechanisms for
generating quasicycles can only be distinguished by the
indirect (and philosophically) vulnerable route of con-
structing and testing specific models’. The apparent
sensitivity to initial conditions described here provides
one way to draw the distinction between the above two
categories exclusively from data. More work is needed
to consider periodic forcings with higher levels of noise,
and to address the distinction from endogenous (limit)
cycles perturbed by noise.
Analyses with the two different methods (for short

and long time series, respectively) gave somewhat
different results on the variation of the Lyapunov
exponents with population memory. One explanation
for this discrepancy could be simply that short time
series do not provide sufficient information to recon-
struct the relevant structure of trajectories in phase-
space. A more important difference involves the global
versus local fit of the maps used to estimate the
exponents. We conjecture that a local fit should be
more prone to overestimate the dominant Lyapunov
exponent. This problem would account for larger
exponents as memory decreases, an opposite pattern to
that obtained with the global method. A better analytic

DRA
understanding of quasicycles and noise amplification, as
well as systematic simulations of the kind in Fig. 3, will
help us resolve these issues.
Conclusions regarding the occurrence of chaos in

noisy systems assume that we are evaluating the ability
of the endogenous feedbacks to amplify or buffer the
noise, in other words, that we have successfully fitted
these feedbacks without overfitting the noise itself.
Clearly, this distinction is problematic when the noise
and the nonlinear feedbacks interact. The resulting
dynamics can be much more than just a fuzzy version of
the patterns generated by the deterministic skeleton
alone. The time series results do show some symptoms
typically associated with noisy systems. For example,
the model chosen by minimizing the generalized cross-
validation criterion is always the one with the largest
embedding dimension considered ðdE ¼ 6Þ; and the
estimated exponent can show symptoms of a lack of
convergence. These symptoms are either a continuously
decreasing l1 with increasing dE ; or considerable
variation in the value of l1 with increasing dE : However,
given the short length of the time series, this lack of
convergence is not surprising.
Ecological models are increasingly revealing the

synergistic interplay of environmental noise and non-
linear feedbacks. Cycles sustained by noise are one of
the simplest known outcomes of this interplay. They
provide one possible explanation for the patterns of
sensitivity to initial conditions observed in nature.
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Appendix

Let X ¼ ½F ;C�T : Rewriting the nondimensional Lot-
ka–Volterra system as dX=dt ¼ L½X �; we simply obtain
the system trajectory from the incremental approxima-

tion Xnþ1 ¼ Xn þ 1
2
ðL½Xn� þ L½X̂nþ1�ÞDt with the approx-

imate vector X̂nþ1 ¼ Xn þ L½Xn�Dt (the double
approximation or improved Euler method). The white-
noise process is generated with the routines given in
Miller (1982). We have numerically checked that fn is a
random sequence of independent and identically dis-
tributed random variables with three different tests (the
modified Box–Pierce test, and two nonparametric tests,
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RABM for ‘runs above and below the median’ and
RUD for ‘runs up and down’, see Madansky 1988).
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